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The Poincaré torsor




Line bundles and torsors

Let X be a variety over a field K,
and let £ — X be a line bundle.
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Line bundles and torsors

Let X be a variety over a field K,
and let £ — X be a line bundle.

We write £* for £ with the 0 section removed.

The fibres of £* are torsors under G, (free and transitive
action of K*).
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Enters Poincaré

Now let A be an Abelian variety over K.
Its dual is

AY = Pic’(A) = {line bundles £ — A |deg £L = 0}/ ~ .

The Poincaré bundle on A is the unique line bundle

P— Ax AY

such that
o forally =[L] € AY, Plaxgyy >~ L,

@ and Pjoxav = Opv s trivial.

The Poincaré torsor on A is P*.
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What this means for Jacobians

Let C be a “nice” curve over K.
Its Jacobian is

J def Pic®(C)
' {line bundles £ — C |deg £ =0}/ ~

OC(E)HD {divisors D/C |deg D =0}/ ~ .
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What this means for Jacobians

Let C be a “nice” curve over K.
Its Jacobian is

J def Pic®(C)
' {line bundles £ — C |deg £ =0}/ ~

OC(E)HD {divisors D/C |deg D =0}/ ~ .

It is an Abelian variety, with group law induced by tensor
product of line bundles / addition of divisors.
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It is an Abelian variety, with group law induced by tensor
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What this means for Jacobians

Let C be a “nice” curve over K.
Its Jacobian is

J def Pic®(C)
' {line bundles £ — C |deg £ =0}/ ~

OC(E)HD {divisors D/C |deg D =0}/ ~ .

It is an Abelian variety, with group law induced by tensor
product of line bundles / addition of divisors.

Furthermore, it is self-dual: JY ~ J.

Let x =[D] and y = [E] € J.
The stalk of P at (x,y) € J x J is
'de, ZND(Oc(E))
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What this means for Jacobians

Let x =[D] and y = [E] € J.
The stalk of P at (x,y) € J x J is
'PXJ ZND(Oc(E))

Here Np(f) def f(D) def [L; f(P:)" where D =" n;P;.
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What this means for Jacobians

Let x =[D] and y = [E] € J.
The stalk of P at (x,y) € J x J is

Pry =2 Np(Oc(E)).
Here./\/'D(f)d: f(D )defH f(P;)" where D =%". n;P;.

Thus if DAE, then the meromorphic section 1 of O¢(E) is
regular and nonvanishing along D, so

Np(1 € Oc(E)) € Py,

and

Pxfy:{)\ Np(1 € Oc(E)) | X € K~ }
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Partial group laws

We have partial group laws
Pr, QP — Py and P), ®@P;, — P

X1,y X2,y X1+Xx2,y X,¥1 X,y2 X,y1+y2

coming from
ND1 (Oc(E)) ®N02 (Oc(E)) ~ ND1+D2 (Oc(E)),
Nb(Oc(E1)) ® Np(Oc(E)) ~ Np(Oc(Er + E)).
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Application:
Quadratic Chabauty




Classical Chabauty

Let C be a “nice” curve of genus g over QQ.

Theorem (Faltings)
If g > 2, then C(Q) is finite.
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Classical Chabauty

Let C be a “nice” curve of genus g over QQ.

Theorem (Faltings)
If g > 2, then C(Q) is finite.

Theorem (Mordell-Weil)

J(Q) = Z" x finite group.
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Classical Chabauty

Let C be a “nice” curve of genus g over Q.
Suppose we know Py € C(Q). Then

c — J
P — [P—F)’

is an embedding (assuming g # 0).
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Classical Chabauty

Let C be a “nice” curve of genus g over Q.
Suppose we know Py € C(Q). Then

c — J
P — [P—F)’

is an embedding (assuming g # 0).
|dea (Chabauty)

Fix a Chabauty prime p € N; catch C(Q) inside

———p-adic

C(Q)NJQ)  C JQp).
—_—— —— ——

dim1 dim<r dimg
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Classical Chabauty

Let C be a “nice” curve of genus g over Q.
Suppose we know Py € C(Q). Then

c — J
P — [P—F)’

is an embedding (assuming g # 0).
|dea (Chabauty)

Fix a Chabauty prime p € N; catch C(Q) inside

CQ)NIT@"™ € J(Q,).
—_— =
dim1 dim<r dimg

But what if r > g7 Then J(Q) could be dense in J(Q,) ...
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Quadratic Chabauty

: : : e C = J o
Try to gain a dimension by lifting j : P [P— Py to P*:
’PX
e (h € End(J))
C¢ , Je JxJ
j (1d,h)
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Quadratic Chabauty

Try to gain a dimension by lifting j : g : EIP Po] to P*:
— Fo
’PX
= (h € End(J))
co Jc JxJ

J (Id,h)

We now try to catch C(Q) inside

—————p-adic

@) NPHQ) < P(Qp)-
——

Unfortunately, Q* dense in Q,, so P*(Q) dense in P*(Q,)
whenever J(Q) dense in J(Q,) ...
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Quadratic Chabauty

— J

C x.
P [P-pP) T

Try to gain a dimension by lifting j :

Let C/Z be a proper model of C/Q, so that C(Z) = C(Q),
and let J be the Néron model of J:

PX

(h € End(J))

C( ' JC TIxT

J (Id,h)
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Quadratic Chabauty

— J

Try to gain a dimension by lifting j : g > [P— Py to P*:
— Fo

Let C/Z be a proper model of C/Q, so that C(Z) = C(Q),
and let J be the Néron model of J:

PX

(h € End(J))

C( ' JC TIxT

J (Id,h)

Since G,(Z) = Z* = {£1} is finite, we know the possible

G -components of j(C(Z)).
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Implementing J and P~




Makdisi's framework

Let C/K be a “nice” curve of genus g.
Assume C(K) large (e.g. K = C or Qp, or extend K).

Pick line bundle £ — C of degree dy = deg L >, 0,
and fix points Q1, -+, Qy, € C(K) (m >4 0).

Write V,, = global sections of £L®" (n=1,2,---5).
Each 0 # s € V|, has divisor (s),, effective of degree n - do.

More generally, when D is an effective divisor, write
V,(—=D) C V, for the sections of L#"(—D).

Embed the V, into K™ by s — (s(Q1), - ,5(Qm)).

Each point x € J is of the form x = [£(—D)] for some
effective divisor D of degree dy, and is represented by
Vo(—D) &' sections of £LZ(—D) C V, C K™.
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Makdisi's framework

Pick line bundle £ — C of degree dy = deg L >, 0,
and fix points Qy,- -+, Qm € C(K) (m >4 0).

Write V,, = global sections of £L®" (n=1,2,--- 5).
Each 0 # s € V), has divisor (s),, effective of degree n - dy.

More generally, when D is an effective divisor, write
V,(—D) C V, for the sections of L®"(—D).

Embed the V, into K™ by s — (s(Ql), e ,S(Qm)).

Each point x € J is of the form x = [£(—D)] for some
effective divisor D of degree dy, and is represented by

Vo(—D) &' sections of £L5(—=D) C Vo C K™.

In particular, 0 € J is represented by s - V; C V,
for any 0 # s € V4, corresponding to D = (s);.



Equality test

Algorithm (Makdisi's equality test)
Given V5(—D) and Vo(—D’)
representing x = [L(—D)] and y = [L(—D")] € J,

Q Pick 0# u e Vo(—D) ~ (u)o =D+ E.
@ Compute u- Vo(—D') = Vy(—D — D' — E).
© Compute
W = Vo(~D'—E) = {v € Vo | v-Vo(~D) C u-Va(—D')}.

v

o If x=y, then W =K -u where D+ ('), = D' + (u)s,.
e If x #y, then W = {0}.

Note: the “linear equivalence certificate” u/u’ € K(C) is
randomised.
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Representing P,

Let x = [L(—D)] and y = [L(—E)] € J. What is P} ?
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Representing P,

Let x = [L(—D)] and y = [L(—E)] € J. What is P} ?
Fix s € V4, and let Dy aef (s0)1-
Then £ ~ Oc(Dy) ~ x =[D — Do), y = [E — Dy).

Unfortunately, D — Dy and E — Dy intersect,
50 Np_p, (1 € Oc(E — Dy)) is not a valid element of P,

Nicolas Mascot Poincaré a la Makdisi



Representing P,

Let x = [L(—D)] and y = [L(—E)] € J. What is P} ?
Fix s € V4, and let Dy aef (s0)1-

Then £ ~ Oc(Dy) ~ x =[D — Dy], y = [E — Dy.
Unfortunately, D — Dy and E — Dy intersect,

50 Np_p, (1 € Oc(E — Dy)) is not a valid element of P,

Solution: fix another ty € V4, such that E, def (to)1/7Dy.

If DAE,, EZ(Dy, and DPAE, then
[D,E] & Np_p, (1 € Oc(E — b)) € PL,,
and P7, = {A-[D,E] | A € K*}.

~ We can use [D, E] as a reference point for P, .
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Representing P,

Fix So € Vl, and let Do dIEf (50)1.
Then £ ~ Oc(Dy) ~» x =[D — Dy], y = [E — Dy.

Solution: fix another ty € V4, such that E, def (t0)1/7Dy.

If DAEy, EffDy, and DAAE, then

[D,E] ¥ Np_p, (1 € Oc(E — By)) € Pf

X,y
and P, = {\-[D,E] | A € K*}.

~~+ We can use [D, E] as a reference point for P, .

However, it depends on the choice of effective divisors D, E
such that x = [£(—D)] and y = [L(—E)] ...
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Comparison formula

Algorithm (Comparison in P*)

Given 4 points x; = [L£(—D4)], y1 = [L£(—E1)],

X = [L(=D2)], y2 = [L(—E1)] of J,

we want to compare [Dy, E;] with [Ds, E;].

© Use Makdisi's equality test to check x; = x, and y; = .

If not, complain / terminate.
Otherwise, we get di, d, €1, & € V5 such that
D+ (di)a =Dr+ (da)2 and Ej+ (e1)2 = Ex + (&2)a.

@ Output that [Ds, E] = A - [Dy, E;], where
_ Ne(di/db) Niy(er/e2) _ Ne(di/db) Npy(er/e2)
Ney(cdh/d2) Npi(er/e)  Ng(di/d2) Np,(er/er) |

Notes: VQ(—D()) =5 Vl, and V2(_EO) =1p- V1.
May need to run several times until the norms work.
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Evaluating norms

Given V,(—D) encoding effective D =, n;P;, and columns
in K™ representing u, v € V, not vanishing at the P;, want to

evaluate u
No(u/v)=1] —(P)™ € K*.

i

Algorithm (Norm)
@ Compute V4(—D) = V- Vo(—D).
@ Find supplements V, =S @ Vo(—D) and
Vo =T @ Vy(—D).
© Compute A, = det( S¢ V, ==V, T)and A,.
@ Output Np(u/v) = A,/A,.

Explanation: V(—D) = Ker (s — s(D)).

Nicolas Mascot Poincaré a la Makdisi



@ We fix once and for all L > 0 — C,

and then two sections sy, ty of £ such that

Dy &ef (s0)1 /1 Eo &ef (to)1.

@ Given x,y € J, choose effective divisors D, E such that
x=[L(=D)]|, y=[L(—E)] and DgAE,, EAADy, DFE,
and represent them by

Vo(=D), Vo(—E) C Vi = sections of L%,

o Then [D,E] = Np_p,(1 € Oc(E — E)) € P,
so we represent \ - [D, E] € P, by the triple

( Va(=D) , Va(-E) , X )

(where A € K*).



Group law in J

Algorithm (Makdisi's addflip)

Given VQ(—Dl) and V2(_D2)
representing x; = [£(—Dy)] and xx = [£(—D»)] € J,

compute Vo(—Dj3) representing x3 = [£(—Ds)]
such that X1+ X+ X3 = 0eJ.

Compute V4(—D; — D;) = Vo(—Dy) - Vo(—Ds).
Compute

Va(—Dy — D) ={ve Vz|v- Vs C Vi(—D; — D)}
Pick 0 # u € V3(—D; — D5), so (u)3 = D1 + D, + Ds.
Compute u - Vo = V5(—D; — D, — D;).

Compute

Vo(—D3) ={ve Vo | v -V5(—=Dy — D,) Cu-Vo}.

000 O©00
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Group law in J

Algorithm (Makdisi's negation)

Given V,(—D) representing x = [L£(—D)] € J,
compute Vo(—D’) representing x' = [L(—D’)] € J
such that x +x' =0 € J.

© Pick 0 # u € Vo(—D), so that (u), =D+ D'.
@ Compute u- Vo, = Vy4(—D — D).
@ Compute Vo(=D')={ve Vo |v-Vo(=D) Cu- Va}.

v
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Partial group laws in P~

Algorithm (Left partial group law in P*)

Given 4 points of J
x1 = [L(=D1)], y1 = [L(=E1)], x2 = [L(=D2)], y2 = [L(—E2)]
such that y; = y» défy,

want to apply Py @ Py — Py, to [Di, Ei] and [Ds, B].

X1,y X2,y

o Find A € K* such that [DQ, E2] = )\[D2, E]_]

@ Find (Va(—Ds), u) such that (u); = D; + D, + Ds, and
then (VQ(—D4), V) such that (V)2 = D3 + D4.

@ Output - o+ [Dy, Er], where 11 = N, () /NEO ().

The right partial group law is similar.
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