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Dedekind-eta function

Basic Definitions

Dedekind-eta Function

n(z) function is the holomorphic function defined on the upper
half plane by

n(z) — griz/12 Hro70:1(1 _ e27rin2)‘
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Theta series and modular forms

Theorem

Let a be a positive integer, and let N be a positive integer such
that N = —1(4a). Then the theta series

2 N+1,,2
eN(r) = >_oxyez g YAy

is an element of Mi(N, xn) where xy is the Kronecker
character (=)
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For a=1,2,3,4,86, the theta series ©Y(7) can be expressed as
a linear combination of some eta-quotients.
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Theorem (Ogasawara 2018)

o%(r) = 1(27)°(67)° n(4r)2n(12r)?
1 n(7)2n(471)2n(37)2n(127)2 n2r)n(67)
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Par

P Implementation

A=mffrometaquo([2,5;6,5;1,-2;4,-2;3,-2;12,-2]1);
B=mffrometaquol[4,2;12,2;2,-1;6,-1]1);
mflinear([A,B],[1,4]);
C=mflinear([A,B],[1,4]);
Ser{mfcoefs(C,25),q)
%5 = 1 + B*q + B*g™3 + 6*xg™4 + 12%g”7 + Bxq™0 + B*xg™12 + 12xq~13 + 6x#q*16 + 12%g"10 + 12xq~21 +
F=mfinit{[3,1,-31);
mfcoefs(F,10)
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Theorem (Ogasawara 2018)

T 2 T 2
e](r) = ef(2r) + 2”(:‘; (3)283 )
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Par

P Implementation

Al=mffrometaquol([4,5;28,5;2,-2;8,-2;14,-2;56,-2]);
Bl=mffrometaquo([B,2;56,2;4,-1;28,-11);
Cl=mflinear([A1,B1],[1,4]1);
D=mffrometaguo([2,2;14,2;1,-1;7,-11);
E=mflinear({[C1,D],[1,2]1);
Ser({mfcoefs(E,25),q)
%14 = 1 + 2#q + d*kq™2 + Bxq™d + 2%q™7 + Bxg™B + 2#g™% + d*q*1l + 4*g*1ld4 + 10%q*16 + d*q*1B + Bak
Fl=mfinit{[7,1,-71);
mfcoefs(F1,18)

“16 =
[1/2]
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Theorem (Ogasawara 2018)

n(47)n(67)%n(447)n(667)
eéwT)::@1%7)*'Zn(zfyﬂ127yx227yx1327)
n(27)2n(37)n(127)n(227)%n(337)n(1327)

n(T)n(4r)n(67)n(117)n(447)n(667)
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Par

P Implementation

A2=mffrometagquol[6,5;66,5;3,-2;12,-2;33,-2;132,-21);
B2=mffrometaguo([12,2;132,2;6,-1;66,-11);
C2=mflinear( [A2,B2],[1,4]);
Dl=mffrometaquol[4,1;6,2;44,1;66,2;2,-1;12,-1;22,-1;132,-11);
El=mffrometaquo([2,2;3,1;12,1;22,2;33,1;132,1;1,-1;4,-1;6,-1;11,-1;44,-1;66,-1]);
F=mflinear{[C2,D1,E1],[1,2,2]);
Ser({mfcoefs(F,25),q)

%26 = 1 + Z#g + 4%q™3 + 2#0™4 + 4%q°5 + 6%q”0 + Z#q”1l + 4%g™12 + B#q®l5 + Zxq”16 + 4%Q720 + 4
F2=mfinit([11,1,-111};
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Eisenstein Series

Definition
We define an Eisenstein series E, 1, by

Et = Ctit + 202 Ut ,th(n)qn

for some constants Cy, 1, and some characters x,, xt,
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We define the eta quotients

_ n(2)n*(62)n?(82) (2" (8z)n*(12z)
5109 = . @@z 182) B\ = a6z eaz)
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We define the eta quotients

_ n(2)n(42)n*(62)1%(242)
1(2z)n(3z)n?(122)

_ 1P(2)n*(42)n(62)n(242)
1?(22)n(82)n(122)
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Theorem (Alaca et al, 2017)

Assume the setup above. Then
{E18(2), E18(32), Eg 1(2), B1(q), B2(q)} is basis for
Ma(To(24), xs)-
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Par

P Implementation

ElB=mfeisenstein(2,1,8);
E183=mfbd(E18,3);
EBl=mfeisenstein(2,8,1)
EB13=mfbd(EB1,3);
Bl=mffrometaquol[1,1;6,4;8,2;2,-1;3,-1;12,-11);
B2=mffrometaquol[1,2;8,1;12,4;4,-1;6,-1;24,-11);
M2=mfinit({[24,2,8]);
mftobasis(M2,EL1E)
%36 = [1, 8, @, @, B, 0]~
mftobasis(M2,E1E3)
x37 = [@, 1, ®, 8, 8, 0]~
mftobasis(M2,EB1)
%38 = [, 8, 1, B, B, 8]~
mftobasis(M2,EB13)
%39 = [@, 8, @, 1, B, O]~
mftobasis(M2,B1)
x40 = [, 0, @, 8, 1/2, 8]~
mftobasis(M2,B2)
%41 = [@, ©, @, @, 1, 1/2]~
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Theorem (Alaca et al, 2017)

Assume the setup above. Then

{E1.12(2), E1,12(22), E12,1(2), E12,1(22),

E,4’,3(Z), E,47,3(22), E,3,,4(Z), E,3’,4(2Z)} is basis for
Ma(To(24), x12).
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Par

P Implementation

Ell2=mfeisenstein(2,1,12);
E1122=mfbd(E112,2);
El21l=mfeisenstein(Z,12,1);
E1212=mfbd(E121,2);
E34=mfeisenstein(2,-3,-4);
E342=mfbd(E34,2);
E43=mfeisenstein(2,-4,-3);
E432=mfbd(E43,2);
M2=mfinit([24,2,12]);
mftobasis(M2,E112)

%51 = [1, @, 8, 8, B, B, B, 8]~
mftobasis(M2,E1122
%52 = [@, 1, @, @, @, B, 8, 8]~

mftobasis(M2,E121)

%53 = [, @, 1, 8, B, @, 8, @]~
mftobasis(M2,E1212)

=[e, 8 8, 1, o, @, 8, 8]~

mftobasis(M2,E34)

5=, @ 0,08, 1, 8, @8, 8]~

mftobasis(M2,E342)

%56 = [, @, B, 8, B, 1, B, @]~
mftobasis(M2,E43)

%57 = [, ®, B, 8, 8, ®, 1, 8]~
mftobasis(M2,E432)

%58 = [@, @, @, @, @, B, 8, 1]~




Dedekind-eta function

Open Problem and Discussion

@ Since we have already had eta-quotients for half-integral
modular forms then it is natural to ask similar problem.

@ Pari/GP is efficient for computations.
@ We are open for all suggestions and collaborations.
@ This will be PhD thesis problem for Banu Irez Aydin.
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Thank you for your attention

Merci a tous!
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