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Abstract. We describe an algorithm for computing the embeddings
and the splitting field of a number field which makes use of factorization
of polynomials over number fields in a novel way.

1. Embedding of number fields

1.1. Introduction. Let S, T ∈ Z[X] be monic irreducible polynomials and
assume that degS < deg T . The object of this note is the computation of
the embeddings between K = Q[X]/(S) and L = Q[X]/(T ), if any. Such
homomorphism can be specified by the image of X (mod S) in L.

The classical algorithm to solve this problem relies on computing the roots
of S in L which requires to perform algebraic numbers reconstructions in
L. The algorithm presented is this note relies on the factorization of T over
K, which only requires to perform algebraic numbers reconstructions in the
smaller field K.

In this section we compute the factorization of the étale algebra A =
K ⊗Q L ∼= Q[X,Y ]/(T (X), S(Y )) as a product of fields in two different
ways.

First note that A is isomorphic both to L[X]/(S(X)) and K[X]/(T (X)).
Denote by S(Y ) =

∏n
i=1 Si(Y ) the factorization of S as a product on

monic irreducible polynomials over L. Note that S being irreducible implies
that the Si are distinct. By the Chinese remainder theorem,

A ∼=
n∏

i=1

L[Y ]/(Si(Y )) ∼=
n∏

i=1

Q[X,Y ]/(T (X), Si(X,Y ))

where Si(X,Y )) is the lift of Si(Y ) in (Q[X]/(T (X)))[Y ] to Q[X,Y ]. In the
same way, if T (Y ) =

∏m
i=1 Ti(Y ), then

A ∼=
m∏
i=1

K[Y ]/(Ti(Y )) ∼=
m∏
i=1

Q[X,Y ]/(S(X), Ti(X,Y ))

where Ti(X,Y )) is the lift of Ti(Y ) in (Q[X]/(S(X)))[Y ] to Q[X,Y ].
Since A is étale, the factorization as a product of fields is unique. In

particular n = m. The codimension of the ideal (T (X), Si(X,Y )) is equal
to deg T (X) degSi(Y ) and the codimension of the ideal (S(X), Ti(X,Y )) is
equal to degS(X) deg Ti(Y ).
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In particular, the number of embeddings is equal to the number of Si such
that degSi = 1,which is equal to the number of Ti such that deg Ti = deg T

degS .

1.2. Elimination theory. Let (S(X), Ti(X,Y )) an ideal of Q[X,Y ] such
that S is irreducible over Q and Ti(X,Y ) (mod S) is irreducible over Q(X)/(S(X)).
Then by elimination theory, it exists two polynomials T (Y ) and Si(X,Y )
such that (T (X), Si(X,Y )) = (S(Y ), Ti(X,Y )). Then can be computed ex-
plicitly using resultants and the concept of Last non-constant polynomial in
the Euclidean remainder sequence (LERS). Precisely:

T (Y ) = ResX(S(X), Ti(X,Y ))(1)

Si(X,Y ) = LERSX(S(X), Ti(X,Y ))(2)

Both can be computed efficiently using multimodular quasi-linear algorithms.
Note that when computed this way, Si is not monic in general, which can
be advantageous, see below.

1.3. Computing the embeddings. Starting from a factor Ti of degree
deg T
degS , the previous section leads to a polynomial Si such that degX Si = 1,

which can be written as Si(X,Y ) = A(Y )X + B(Y ) where A and B are
polynomials in Q[Y ] of degree strictly less than deg T .

So the corresponding root of S in Q[X]/(T (X)) is−B(X)/A(X) (mod T )(X).
Using multimodular division algorithms, it is possible to find R(X) ∈ Q[X]
such that R(X) ≡ −B(X)/A(X) (mod T (X)) which the embedding re-
quested. However R is in general much larger that A and B so for a number
of applications it can be preferable to return −B(X)/A(X) as a rational
function.

1.4. The algorithm. This leads to the following algorithm:

Algorithme 1. Let S and T be monic irreducible polynomials over Q, the
following algorithm returns the embeddings from Q[X]/(S(X)) to Q[X]/(T (X)).

(1) Compute the factorization of T over Q[Y ]/(S(Y )) as T (X) =
∏n

i=1 Ti(X).

(2) For all factors Ti of degree deg T
degS , compute Si(X) = LERSX(S(X), Ti(X,Y )).

(3) For each Si, return the quotient −B(X)/A(X) (mod T (X)).

2. Computing splitting fields

Let T be monic irreducible polynomial over Q. The splitting field of
K = Q[X]/(T (X)) is the smallest field L such that L⊗K ∼= Ldeg T .

The following algorithm balances the costs of factorization with the cost
of algebraic numbers reconstructions by doing all the factorizations over K.

Algorithme 2. Set K = Q[Y ]/(T (Y )), L0 = T and for j = 0, 1, 2, . . . do

(1) factor Lj(X) over K as Lj(X) =
∏n

i=1 Fi(X,Y ) (mod T (Y )).
(2) if n = deg T , return Lj.
(3) otherwise let S be one of the Ti of maximal degree, find a small

integer k such that R(X) = ResY (S(X+kY, Y ), T (Y )) is squarefree.
(4) Set Lj+1 = R.
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