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LOOKING FOR MILD PRO-p GROUPS
o

Why ?

~ Cohomological dimension 2,
~+ Poincaré series of the graduate algebra gr(IF,[[G]]) known.
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LOOKING FOR MILD PRO-p GROUPS
(]

‘WHERE 7

Consider :

@ p a prime number,

e K =Q or K an imaginary quadratic field (K # Q(j) if p = 3)

with trivial p-class group,

@ S a finite set of primes of K with norm 1 modulo p.

@ Ks|K : the maximal pro-p extension of K unramified outside

S.

Gs = Gal(Ks|K)
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LOOKING FOR MILD PRO-p GROUPS

©00
How ?

THEOREM (LABUTE-MINAC-SCHMIDT CRITERION)

Let G be a pro-p group with finite p-rank. If the cohomology
groups (over F,) of G satisfy the following conditions :
o there exist two F-vector spaces U and V such that
HY(G,F,)~ U@V,
o the cup-product U : HY(G,F,) x HY(G,F,) — H?(G,Fp)
restricted to V ® V is identically zero,
e the cup-product U : H(G,F,) x HY(G,F,) — H?(G,F,)
restricted to U ® V is surjective,

then the pro-p group G is mild.
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LOOKING FOR MILD PRO-p GROUPS COMPUTATIONS AND EXAMPLE WHAT ABOUT THE OTHER ONES 7

0000
How ?

THEOREM (LMS CRITERION)

If there exist two vector spaces U, V' such that :
o HY(Gs(K) ~U®a V,
o U:V xV =0 H2(Gs(K))
o U:Ux V — H?*(Gs(K))

then the pro-p group Gs(K) is mild.
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THEOREM (LMS CRITERION)
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o HY(Gs(K) ~U®a V,
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then the pro-p group Gs(K) is mild.

H2(Gs(K)) PH(G,).

veS
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If there exist two vector spaces U, V' such that :
o HY(Gs(K) ~U®a V,
o U:V xV =9 H2(Gs(K)) — D.cs H?(G,),
o U:UxV — H?(Gs(K)) — D.cs H?(G,),
then the pro-p group Gs(K) is mild.

H2(Gs(K)) PH(G,).
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LOOKING FOR MILD PRO-p GROUPS COMPUTATIONS AND EXAMPLE WHAT ABOUT THE OTHER ONES 7
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How ?

COROLLARY (LMS CRITERION)

If there exist two vector spaces U, V' such that :
o HY(Gs(K)~U®aV,
e U:VxV

°Des H(GV)
oU:UxV @D, s H*(G,)
then the pro-p group Gs(K) is mild.
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LOOKING FOR MILD PRO-p GROUPS
oeo

How ?

COROLLARY (LMS CRITERION)

If there exist two vector spaces U, V such that :
o HY(Gs(K)~U®a V,
e U:VxV

0 @ves Hz(?v) )
e U:UxV BD,cs H*(Gy) ,
then the pro-p group Gs(K) is mild.

Under our hypotheses, we have the decomposition :

H'(Gs) ~ P H(GD).

veS

where G is the Galois group of the maximal elementary
p-extension of K unramified outside v.
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LOOKING FOR MILD PRO-p GROUPS
ooe

How ?

COROLLARY (LMS CRITERION RESPECTING S)

If there exist U,V such that S =U 11V and such that
o HY(Gs)~UaV,
o U:VxV —0p H*(G)),

e U:UxV —»@vest(G_v),

where U = @, H(G2®) and V = @, o\, HX(GP®!), then the
pro-p group Gs is mild and we say that the field K satisfies the
LMS criterion respecting S.
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COMPUTATIONS AND EXAMPLES
@000

AUXILIARY FROBENIUS

~~ Finding a "good basis" of H!(Gs) :
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COMPUTATIONS AND EXAMPLES
@000

AUXILIARY FROBENIUS

~~ Finding a "good basis" of H!(Gs) :

For each v € S, we choose a prime p, of K such that :

@ p, is inert in the extension Kf’el\K,

@ p, is totally split in the extension K,,’.’,’eI|K weS w#v.
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AUXILIARY FROBENIUS

~» Computing cup-products :
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OR MILD PRO-p GROUPS COMPUTATIONS AND EXAMPLES WHAT ABOUT THE OTHER ONES 7
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AUXILIARY FROBENIUS

~» Computing cup-products :

For a well-chosen basis {Y,,v € S} of H}(Gs) we have :

PROPOSITION

If v,w in S are such that v is inert in K.f,’el|K, then the local
component in w of the cup-product X,, U X, is given by the integer
I such that Frob, = Frob;;vvvv in GB®.
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AUXILIARY FROBENIUS

~ Applying the criterion :
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COMPUTATIONS AND EXAMPLES
0000

AUXILIARY FROBENIUS

~ Applying the criterion :
We build a matrix Cup =cupproduct(X,S,p) giving each local

component (in columns) of each one of the cup-products (in rows)
of the family {x,,v € S}.
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COMPUTATIONS AND EXAMPLES
[e]e] o]

AUXILIARY FROBENIUS

~ Applying the criterion :

We build a matrix Cup =cupproduct(X,S,p) giving each local
component (in columns) of each one of the cup-products (in rows)
of the family {x,,v € S}.

PROPOSITION

If there exists an integer t € {1,...,|S|} and if we can order the
primes of S such that the matrix C of the cup-products
(Xv; U Xy, i<t satisfies :

o the t first rows of C are zero;

o C has rank |S

then the pro-p group Gs(K) is mild.

’
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AUXILIARY FROBENIUS

EXAMPLE

Consider p=3, K=Q, S={l1 =7,0, =13,03 = 79,04 = 97}.
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KING FOR MILD PRO-p GROUPS COMPUTATIONS AND EXAMPLES WHAT ABOUT THE OTHER ONES 7

0008000

AUXILIARY FROBENIUS

Consider p=3, K=Q, S={l1 =7,0, =13,03 = 79,04 = 97}.
~ auxiliary primes : p; = 131, pp = 433, p3 = 239 and ps = 811.
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COMPUTATIONS AND EXAMPLES
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AUXILIARY FROBENIUS

EXAMPLE
Consider p=3, K=Q, S={l1 =7,0, =13,03 = 79,04 = 97}.
~ auxiliary primes : p; = 131, pp = 433, p3 = 239 and ps = 811.

b1 =ls1 = ho = lsi3 = ks =0,
~ linking numbers : 1 = hy = lip = b3 =1,
ha =hs = hs =2.
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AUXILIARY FROBENIUS

EXAMPLE
Consider p=3, K=Q, S={l1 =7,0, =13,03 = 79,04 = 97}.
~ auxiliary primes : p; = 131, pp = 433, p3 = 239 and ps = 811.

b1 =ls1 = ho = lsi3 = ks =0,
~ linking numbers : 1 = hy = lip = b3 =1,
ha =hs = hs =2.

00001000
~ cup-products : (AR AR .
00002100
0 00O0O0OO0Z2?2
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AUXILIARY FROBENIUS

EXAMPLE
Consider p=3, K=Q, S={l1 =7,0, =13,03 = 79,04 = 97}.
~ auxiliary primes : p; = 131, pp = 433, p3 = 239 and ps = 811.

b1 =ls1 = ho = lsi3 = ks =0,
~ linking numbers : 1 = hy = lip = b3 =1,
ha =hs = hs =2.

00001000
~ cup-products : (AR AR .
00002100
0 00O0O0OO0Z2?2

~ Gs(K) is mild.
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EXAMPLES & STATS

S = {31,61,151,211}, L = Q(v/—15).
The pro-p group Gal(Ls(p)|L) is mild for p =3 and p = 5.
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EXAMPLES & STATS

EXAMPLE

S = {31,61,151,211}, L = Q(v/—15).
The pro-p group Gal(Ls(p)|L) is mild for p =3 and p = 5.

EXAMPLE

p=3,5={713,79,97}.

The pro-p group Gal(Ls|L) is mild if L = Q(v/—d) with

d € {66, 94, 185,285,290, 355, 391, 454, 458, 521, 607, 614, 647,
703,829, 881,906} .

| A\

\
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COMPUTATIONS AND EXAMPLES
L]

EXAMPLES & STATS

EXAMPLE

S = {31,61,151,211}, L = Q(v/—15).
The pro-p group Gal(Ls(p)|L) is mild for p =3 and p = 5.

| A\

EXAMPLE
p=3,5={713,79,97}.

The pro-p group Gal(Ls|L) is mild if L = Q(v/—d) with

d € {66, 94, 185,285,290, 355, 391, 454, 458, 521, 607, 614, 647,
703,829, 881,906} .

EXAMPLE

S ={37,103,127,139}, L = Q(v/—d) a quadratic field with trivial
p-class group in which every prime of S splits.
If p=3 and d < 103, then the pro-p group Gal(Ls|L) is mild.

| \
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COMPUTATIONS AND EXAMPLES
[ I}

PROPAGATION

Suppose that Q satisfies LMS respecting S. How does this property
propagate in quadratic imaginary fields with trivial p-class group, if
every element of S splits?
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COMPUTATIONS AND EXAMPLES
[ I}

PROPAGATION

Suppose that Q satisfies LMS respecting S. How does this property
propagate in quadratic imaginary fields with trivial p-class group, if
every element of S splits?

Let Es be the set of the discriminants of all these quadratic fields.
We compute the proportion :

Ps (X) = #{d < X| d € Eg, prop. 2.2 applies to Q(v/—d)}
ST #{d < X| d € Es} '
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COMPUTATIONS AND EXAMPLES
oe

PROPAGATION

S Ps3(10°)

{13,127,193,349} | ~ 0.8735 S Ps 5(10%)
{67,157,337,421} | ~0.8619 | | {101,131,211,251} | ~ 0.6667
{31,79,199,409} | ~ 0.8455 {11,31,41,211} | =0.696

{337, 349,379,463} | ~ 0.8560 {31,181,191,271} | ~ 0.6744
{37,103,127,139} | ~0.8879 | | {211,251,401,421} | ~ 0.6578
{97,151, 313,457} | ~ 0.8645

S Ps 3(10°)
{7,13,79,97} | ~0.8655
{43,61,157,337} | ~ 0.8920
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‘WHAT ABOUT THE OTHER ONES 7
°

A DIAGRAM...

We now consider :
e L quadratic imaginary field with trivial p-class group (L # Q())
if p=3),
@ S finite set of primes, all equal to 1 modulo p and split in L|Q.
Denote Gs = Gs(Q) and Hs = Gs(L).
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‘WHAT ABOUT THE OTHER ONES 7
°

A DIAGRAM...

We now consider :
e L quadratic imaginary field with trivial p-class group (L # Q())
if p=3),
@ S finite set of primes, all equal to 1 modulo p and split in L|Q.
Denote Gs = Gs(Q) and Hs = Gs(L).

HY(Hs) x HY(Hs) —- H(Hs) — (5 H?(H,)
weS’
inf inf inf
HY(Gs) x HY(Gs) — H3(Gs) —=~ P H(G,).
veS

15/21



‘WHAT ABOUT THE OTHER ONES 7
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.. AND GRAPHS

Suppose that Q satisfies LMS respecting S for the decomposition
ffl((;s) =Ue V.

We define two directed graphs Gs and GZ with vertices the primes
of S as follow :

e Gs has a directed edge (v;, v;) from v; to v; if :

ifvieVandv,eld ifvieUdand v eV

e G¢ has a directed edge (v;, v;) from v; to v; if (v, v;) is an
edge of Gs.
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. AND GRAPHS

A graph is said to be quasi-circular if it admits a spanning
subgraph in which every vertex is of incoming degree 1.
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AND EXAMPLI ‘WHAT ABOUT THE OTHER ONES 7
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.. AND GRAPHS

A graph is said to be quasi-circular if it admits a spanning
subgraph in which every vertex is of incoming degree 1.

If Q satisfies LMS respecting S and if one of the graphs Gs or G¢ is
quasi-circular, then the group Hs satisfies LMS.
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OR MILD PRO-p GROUPS COMPUTATIONS AND EXAMPLE ‘WHAT ABOUT THE OTHER ONES 7
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.. AND GRAPHS

A graph is said to be quasi-circular if it admits a spanning
subgraph in which every vertex is of incoming degree 1.

THEOREM

If Q satisfies LMS respecting S and if one of the graphs Gs or G¢ is
quasi-circular, then the group Hs satisfies LMS.

| \

COROLLARY

When |S| = 4, the group Hs satisfies LMS if the graph Gs admits
an elementary circuit (of length 4) as a spanning subgraph.

A
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EXAMPLES, AGAIN !

EXAMPLE

‘WHAT ABOUT THE OTHER ONES 7

[ 1o}

S = {7,43,61,103,109, 163,223,241}, L = Q(v/=5), p = 3.

Uy
s
4y l3
U7 Uy
lg

lg

ly
143
ly l3
by by

N\

lg

G

6%

18/21
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EXAMPLES, AGAIN !

EXAMPLE
p=3,5={61,223,229,487},d =5,
We obtain the following graph Gs :

pr————=p

P4 ————— 3

The pro-p group Hs is mild, even if the field L does not satisfy
LMS respecting S ("crossed" cup-products have rank 7).
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Q A=<o>,(]Al,p)=1

where :

K a cyclic extension of degree ¢ of Q,

S a finite set of primes such that Gs(Q) ~ Gs(K),

Y a finite set of primes containing S and p,
£ an integer coprime to p.
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Thanks for your attention !
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