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The 3-dimensional case :
the idea of Gauss

We want to solve Q(z) =0, with ) € M3(Z)*™,

e Step 1, Minimization : build another quadratic equa-
tion ()'(y) =0 with det Q' = —1.

e Step 2, Reduction : find a basis, in which ()’ ~
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e Step 3 : from a solution of Q)'(y) = 0, rebuild a solution

of Q(x) =0



Ingredients of the minimization I

e Factorization of the det ().
e Linear algebra mod p.

e Square roots mod p.



Gram-Schmidt orthogonalization I

Notation: b, -b; := blQb,.
Start with a basis by, ..., b,.

Formulae : (defined by induction)

1—1
bi =bi = > 1;b]
g=1
with

The basis b}, ..., b’ is orthogonal.

n



LLL for definite quadratic forms I

Algorithm : Let i < ¢ < 1. Start with a basis by, ..., b,
of Z"

1- Set k=2.

2- Compute the b; and the p;; using Gram-Schmidt.

3- for ¢ =mn,---,1, for j =1,--- i —1 set ¢ = ||,

b, = b; —¢b; and p;; = pu;i; —q.
4- If (b};)2 + ui)k_l( ,’2_1)2 < c( 7;_1)2, exchange b and
b;_1, and set k =max(k—1,2). Otherwise, set k=Fk+1.
5- If k<n, go to step 2, otherwise, return the basis

(b;) .



Bounds for the definite LLL I

Theorem : Let () € M,,(Z)*™ with detQ # 0. Let 1 < ¢ < 1.
Apply LLL to (), then :
it finishes (after a polynomial number of steps) with a
reduced basis bq,...,b, such that

[(b1)?" < 4" D2 det(Q)]

where v = (¢ — i)_l > 2.



LLL for indefinite quadratic forms I

Algorithm : Let i < ¢ < 1. Start with a basis by, ..., b,
of Z"
1- Set k=2.

2- Compute the b; and the p;; using Gram-Schmidt.

3- for ¢ =mn,---,1, for j =1,--- i —1 set ¢ = ||,
b; = b; —¢b; and p;; = p;i; —q.

4- 1£ | (b))° +pf,  (bi,)" | < c| (bj,) |, exchange
b, and by 1, and set £k = max(k — 1,2). Otherwise, set
k=k+1.

5- If k<n, go to step 2, otherwise, return the basis

(b;).



Bounds for the indefinite LLL I

Theorem : Let () € M,,(Z)*™ with detQ # 0. Let 1 < ¢ < 1.
Apply the modified LLL to (), then :
e EITHER it finishes (after a polynomial number of
steps) with a reduced basis by,...,b, such that

[(b1)?" < 4" D2 det(Q)]

where v = (¢ — i)_l > 2.

If furthermore () is indefinite, we have

n 3 nin—
1< b2 < 59002 det(Q)]

e OR it crashes ...



Bounds for the indefinite LLL I

... because it has found a SOLUTION of ()(x) =0 !



